Main result
Let (M, ω) be a symplectic manifold without boundary, and let G be a compact connected Lie group with Lie algebra g. We assume that G acts on M in a Hamiltonian way, with moment map µ : M → g * . We suppose that the action is free. (This is no serious restriction. Given a non-free action, instead of M one considers the open subset of M on which the action is free.) We fix a G-invariant ω-compatible almost complex structure J on M.
The local invariant symplectic action A associates a real number to each pair of smooth loops (x, ξ) : S 1 → M × g for which the length ℓ(Gx) := 1 0 |(Gx)˙| dϕ is sufficiently small. Here Gx denotes the loop
and we use the Riemannian metric on the manifold M/G induced by the Riemannian metric g ω,J := ω(·, J·) on M. The action of (x, ξ) is given by the formula
where g : S 1 → G is a loop such that the loop gx : S 1 → M is short, and u : D → M is a small disk filling the loop gx.
To make this definition precise, we denote by ι x > 0 the injectivity radius at a point x ∈ M, w.r.t. the Riemannian metric g ω,J . Furthermore, for every compact subset K ⊆ M we define
Let (x, ξ) ∈ C ∞ (S 1 , M × g) be a loop such that ℓ(x) < 2ι x(S 1 ) . We define
where u : D → M is a smooth map such that u(e 2πiϕ ) = x(ϕ),
for every ϕ ∈ R/Z, and
for every pair z, z ′ ∈ D. Note that A(x, ξ) is well-defined, i.e. such a map u always exists and A(x, ξ) does not depend on the choice of u as above. To see this observe that the ball B ι x(S 1 ) (x(0)) ⊆ M contains the image of x and of every u satisfying (3) and (4). Furthermore, this ball is contractible. For every compact subset K ⊆ M we define
ℓ(x), ℓ(gx) < ε then A(x, ξ) = A gx, (gξ −ġ)g
and
Note that part (ii) of the Key Lemma 3 below implies that ε K > 0, and part (i) of that lemma implies that δ K > 0.
) be a loop such thatl(Gx) < δ Gx(S 1 ) . We define its local invariant symplectic action to be
where
By definition of δ Gx(S 1 ) the loop g exists. Furthermore, it follows from the definition of ε Gx(S 1 ) that the quantity A(x, ξ) does not depend on the choice of g. Hence it is well-defined. Furthermore, it is invariant under the action of the gauge group
Remark In [GS] on page 74, R. Gaio and D. A. Salamon introduced the notion "local equivariant symplectic action" in a similar, but slightly different way. They require the loop x to be close to the inverse image of 0 under the moment map. The present definition drops this condition. For loops (x, ξ)
for which both definitions make sense, they agree. Note that as stated, the definition in [GS] does not always make sense, as the following example shows. Consider the action of G := S 1 ⊆ C on M := C by multiplication, with moment map µ(z) := i 2
(1 − |z| 2 ). Let 0 < δ < 1 and c be constants as in Lemma 11.2. of [GS] . Increasing c we may assume that c ≥ 4 δ . Note that, as required in [GS] , 2cδ is less than the injectivity radius of C, which is infinite. Consider the constant loop
Then the conditions sup S 1 |µ(x)| < δ and 2π 0 |ẋ + X ξ (x)| dϕ < δ of [GS] are satisfied. However, there are two choices of x 0 and g 0 that give rise to different values for the formula for A(x, ξ) in [GS] (page 74). Namely, we may either choose x 0 := 1 and g 0 :≡ 1, to obtain 0 for A(x, ξ), or we may choose x 0 := 1 and g 0 := id :
We fix an exponent 1 ≤ p ≤ ∞ and denote by p ′ := p p−1 its dual exponent. Furthermore, we fix an arbitrary norm on g
and we denote by
its L p -norm w.r.t. the chosen norm on g * . The main result of this article is the following. there exist constants 0 < δ ≤ δ K and C with the following property.
holds.
The main point of this result is that we may choose the constant c as close to 1 4π
as we wish. This is crucial for the application, Corollary 2 below. On the other hand, we are forced to allow C to be large, since the fixed norm on g * can be arbitrary weak. Theorem 1 generalizes the sharp isoperimetric inequality for the usual local symplectic action (cf. Theorem 4.4.1 in the book [MS] by D. McDuff and D. A. Salamon), which corresponds to the case of the trivial Lie group G := {1}. In the present situation, an isoperimetric inequality with large constants c and C has been established by R. Gaio and D. A. Salamon, cf. Lemma 11.3 in [GS] .
The proof of Theorem 1 is based on the sharp isoperimetric inequality in the special case {1}. It relies on the new definition of the local invariant symplectic action given here, and on an estimate for the holonomy of a connection around a loop in terms of the curvature of the connection and the square of the length of the loop (Proposition 4 in appendix A).
Remark At the cost of losing sharpness, we can replace the L p ′ -norm of the second term in (7) by the L 1 -norm. More precisely, let K ⊆ M be a compact subset. We claim that there exist constants δ > 0 and C 0 such that
To see this, we choose constants δ and C ≥ 1 as in Theorem 1, corresponding to c := 1. By the Key Lemma 3 below, shrinking δ if necessary, we may assume that the following holds. If
By the assertion of Theorem 1 with p := 1 we have
We choose g ∈ C ∞ (S 1 , G) as above, such that ℓ(gx) ≤ 2l(Gx), and set
Inequality (8) follows by combining this with inequality (9).
As an application of Theorem 1, finite energy solutions of the symplectic vortex equations over the complex plane exhibit the following asymptotic behaviour. Namely, their energy density decays faster than |z| −4+ε , for z ∈ C converging to ∞, for every ε > 0. To explain this, let M, ω, G, µ, J be as above, except that we do not require that the action of G on M is free. The symplectic vortex equations over the complex plane are the equations for a map (u, Φ, Ψ) :
Here we write an element of z ∈ C as z = s + it. Furthermore, for every point x ∈ M the linear map L x : g → T x M denotes the infinitesimal action at x. These equations were discovered, independently, on the one hand by K. Cieliebak, R. Gaio and D. A. Salamon [CGS] , and on the other hand by I. Mundet i Riera [Mu1] , [Mu2] . We fix a number p > 2.
solves the vortex equations (10), (11), then its energy density is given by
and its energy is given by
Corollary 2 Assume that µ is proper and that G acts freely on µ −1 (0).
) be a solution of the symplectic vortex equations over the complex plane, (10), (11), such that E(w) < ∞ and the image of u has compact closure in M. Then for every ε > 0 we have
Compared to known results, this corollary significantly improves the asymptotic decay rate for the energy density e w of a finite energy vortex w on C. It was known (cf. Proposition 11.1 in [GS] and Proposition D.6 in the authors dissertation [Zi] ), that e w decayed faster than |z| −2−ε for some ε > 0. Corollary 2 says that it even decays faster than |z| −4+ε , for every ε > 0. This decay rate is optimal in the sense that, in general, e w does not decay faster than |z| −4 . This can be seen by looking at the example M := S 2 with the standard symplectic form and complex structure, G := {1}, and u : C → S 2 = C ⊔ {∞} the inclusion map. In this example, e u decays only as |z| −4 , but not faster.
Proof of Corollary 2:
The proof follows completely the lines of the proof of Proposition D.6 in the author's dissertation [Zi] , using the sharp estimate of Theorem 1 with p := 2. The core of the proof is to combine the action-energy identity with the isoperimetric inequality. (See the proof of the Annulus Lemma 4.11, page 95 in [Zi] . Here we make a coordinate transformation C ∋ τ + iϕ → e 2π(τ +iϕ) . Note that in the proof of Lemma 4.11 in [Zi] , we do not have the factor 2π.) It is important to be able to choose the constant c in Theorem 1 as close to 1 4π as we wish. The reason is that the ε in the Corollary is linked to c by the formula
, which approaches 0 from above as c converges to
Applying the ideas of this paper and of [GS] and [Zi] to examples in which the symplectic manifold M and the Lie group G are infinite dimensional, there may be interesting consequences also in such cases. Consider e.g. the case in which M is the affine symplectic space of connection one-forms on a principal bundle over a Riemann surface Σ and G is the gauge group. In this case, the present methods may yield an estimate for the asymptotic behaviour of the curvature of an anti-self-dual Yang-Mills connection over R 2 × Σ.
The rest of this paper is organized as follows. In section 2, we prove the Key Lemma, which consists of two parts. The first part says that every loop x in M whose projection to M/G has small lengthl(Gx), can be gauge transformed to a loop y whose derivative in the L p -norm is almost as small as the L p -norm of the derivative of Gx. The second part of the lemma states that the functional A is invariant under the action of the gauge group, as long as we are dealing with sufficiently small loops. The Key Lemma ensures that the functional A is well-defined for loops (x, ξ) for which Gx is sufficiently short. Furthermore, its first part is crucial for the proof of the isoperimetric inequality. The proof of this part relies on an estimate for the holonomy of a connection around a loop in terms of the curvature of the connection and the square of the length of the loop. This result is stated and proven in the appendix (Proposition 4). The main result is proven in section 3.
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Key Lemma
Let M, ω, G, g, µ and J be as in section 1. Throughout this article we identify S 1 with R/Z, and we fix an invariant inner product ·, · on the Lie algebra g. This induces an identification of g with g * . For every smooth loopx : 
Lemma 3 (Key Lemma) The following statements hold.
(i) LetK ⊆ M/G be a compact subset which contains the image of a smooth non-constant loop. Then
(ii) For every compact subset K ⊆ M there exists a number 0
then we have for every loop ξ ∈ C ∞ (S 1 , g)
Proof of Lemma 3: We denote by d G and ι G the distance function on the Lie group G and the injectivity radius of G w.r.t. the Riemannian metric on G induced by the invariant inner product ·, · on g.
We prove (i). We fix a compact subsetK ⊆ M/G, and we define
It suffices to prove that for every constant c > 1 there exists δ > 0 such that the following holds. Ifx ∈ C ∞ (S 1 ,K) is a non-constant loop of length less than δ than there exists a smooth lift x : S 1 → M ofx such that for every 1 ≤ p ≤ ∞ we have ||ẋ|| p ||ẋ|| p ≤ c.
Let c > 1. To see that δ as above exists, we view the horizontal distribution imL ⊥ ⊆ T M as a connection on the principal G-bundle P := M → M/G. More precisely, we define the connection one-form A on this bundle by the formula
It follows from short calculations that A is indeed a connection one-form, i.e. equivariant and canonical in the fibre. Equipping the base manifold X := M/G with the Riemannian metricḡ ω,J induced by ω and J, we may apply Proposition 4 with the compact set K replaced bȳ K ⊆ M/G. We fix a constant C as in the assertion of Proposition 4, and we choose δ > 0 less than the injectivity radius of the subsetK in M/G and such that
Letx ∈ C ∞ (S 1 ,K) be a non-constant loop of length less than δ. We choose a point x 0 ∈ M in the fibre over the pointx(0 + Z) ∈ M/G, and we define x : [0, ∞) → M to be the horizontal lift ofx starting at x 0 . Hence x is uniquely determined by the requirements
The holonomy h ∈ G of the connection imL ⊥ ⊆ T M along the loopx, with base point x 0 is determined by the condition
By the statement of Proposition 4 we have
Sincel(x) < δ 2 , inequality (16) implies that
Hence there exists a unique element ξ ∈ g such that
exp ξ = h.
We define x :
Claim 1
The map x is well-defined, i.e. x(ϕ + Z) does not depend on the choice of the representative ϕ of ϕ + Z.
Proof of Claim 1: It suffices to show that
To see this, observe that the two paths It follows thatẋ
and therefore
Here in the last step we have used (18) and (17). It follows that
Here in the last step we have used (15). This proves (14) and concludes the proof of statement (i).
We prove (ii). Let K ⊆ M be a compact subset. We define
Note that the constant C 2 ∈ R is well-defined, since G acts freely on M. Let (x, g) ∈ C ∞ (S 1 , K × G) be a pair of loops satisfying ℓ(x) < ε, ℓ(gx) < ε.
By replacing x by g(0)x we may assume w.l.o.g. that g(0) = 1. We fix a point ϕ ∈ R/Z. Then
Hence there exists a unique element
.
, there exists a smooth map u :
for every ϕ ∈ R. We choose a function ρ ∈ C ∞ ([0, 1], [0, 1]) that vanishes in a neighborhood of 0, and equals 1 in a neighborhood of 1. We define
Then u ′ (e iϕ ) = (gx)(ϕ + Z), and
for every r ∈ [0, 1] and ϕ ∈ R. Here in the forth step we used inequality (23). It follows that
In order to see that the expression (25) equals A(x, ξ), we define h :
Since u ′ = hu, we have for every point z ∈ D and every pair of vectors
Combining (25), (27) and (28) it follows that
as required. This proves part (ii) and concludes the proof of Lemma 3. 2
Proof of the main result
We come now to the proof of the isoperimetric inequality.
Proof of Theorem 1: Let K ⊆ M be a compact subset and c > 1 4π
be a constant. We choose a constant 
is an arbitrary map filling x. (Strictly speaking, in Theorem 4.4.1 we assume that M is compact. However, its proof can be modified in a straight-forward way to obtain the above statement.) We choose a constant c 1 strictly between c 0 and c. By Lemma 3(i) there exists a constant δ 1 > 0 such that for every non-constant loopx ∈ C ∞ (S 1 , GK) withl(x) < δ 1 there exists a loop x ∈ C ∞ (S 1 , M) with Gx =x and
for every 1 ≤ p ≤ ∞. Recall the definition (6) of the constant δ K > 0. We define
We choose ε > 0 so small that
Let (x, ξ) ∈ C ∞ (S 1 , K ×g) be a loop such thatl(Gx) < δ, and let 1 ≤ p ≤ ∞.
Claim 1 We have
A Inequality for the holonomy of a connection
Let G be a compact Lie group, X be a (smooth) manifold without boundary, P → X be a (smooth) principal G-bundle over X, A be a connection oneform on P , x ∈ C ∞ (S 1 , X) be a loop, and let p ∈ P be a point in the fibre over x(0). Recall that the holonomy h ∈ G of A around the loop x, with base point p, is defined by the condition
is the unique horizontal lift of x starting at the point p. This means that x is uniquely determined by the conditions
Proposition 4 Let G, X and P be as above, and let K ⊆ X be a compact subset. We assume that G is equipped with a distance function d induced by some Riemannian metric on G, and that X is equipped with a Riemannian metric. Then there exists a constant C satisfying the following condition. If A is a connection one-form on P , x ∈ C ∞ (S 1 , K) is a loop of length less than the injectivity radius of K in X, and p ∈ P lies in the fibre over x(0), then the holonomy h ∈ G of A around x, with base point p, satisfies
2 .
Proof of Proposition 4:
Let G, d, P, X, K be as in the hypothesis. W.l.o.g. we may assume that the Riemannian metric on G is induced by an invariant inner product on g. Let A be a connection on P , x ∈ C ∞ (S 1 , K) be a loop of length less than ι K , the injectivity radius of K in X, and let p 0 ∈ P be a point in the fibre over x 0 := x(0). For ϕ ∈ S 1 ∼ = R/Z we define v(ϕ) ∈ T x(0) X to be the unique vector of norm less than
and we define
There exists a unique smooth map
To see that f exists, we define it first on {0} × [0, 1] by setting it constant to p 0 . Then we extend it for fixed ϕ ∈ [0, 1] to [0, 1] × {ϕ} as the horizontal lift of u| [0, 1] ×{ϕ} starting at p 0 . The map f is uniquely determined, since a in local equivariant chart on M the conditions (36), (37), (38) amount to a first order ordinary differential equation. We define
Furthermore, we define the map g : [0, 1] → G to be the unique smooth solution of the ordinary differential equatioṅ
Claim 1 g(1) ∈ G equals the holonomy of A around the loop x, with base point p 0 .
Proof of Claim 1: Consider the map f (1, ·)g : [0, 1] → P.
It lifts the map x and starts at the point p 0 . Moreover,
where in the last step we have used (40). Therefore,
Here in the last step we have used (39). So the path f (1, ·)g is horizontal.
Finally, f (1, 1) = f (1, 0) = p 0 .
This implies Claim 1. 2
Claim 2 There exists a constant C independent of x, such that
Note that Claims 1 and 2 imply the Proposition. 
Proof of
In order to estimate this further, we consider the 2-form on [0, 1] × [0, 1] with values in g given by the pullback of the curvature F A ∈ Ω 2 (P, g) under f . It follows from (38) and (39) that this 2-form satisfies
Hence viewing F A as a 2-form on X with values in the adjoint bundle (P × g)/G we have
By the definition of u (35) we have
On the other hand, |∂ ϕ u(r, ϕ)| = d exp x 0 (rv(ϕ))rv(ϕ) ≤ C 1 |v(ϕ)|,
where C 1 and C 2 are constants depending only on the Riemannian manifold X and the compact subset K. Inserting inequalities (47) and (48) into (45), we obtain |∂ r Ψ| ≤ C 2 2 ℓ(x)|ẋ| ||F A || L ∞ (X) .
Combining this with (44), we have
This proves Claim 2 and hence concludes the proof of Proposition 4. 2
